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When a light scalar field is present during inflation, its value will vary on superhorizon scales,
modulating the preheating process at the end of inflation. Consequently, the amplitude of the
gravitational wave (GW) background produced during preheating will also be modulated. The
observed energy density of this background will therefore appear anisotropic at different angles
in the sky. We provide a master formula for the angular power spectrum Cl of the anisotropies
in the GW background from preheating, valid for any scenario where the anisotropies are due to
the superhorizon modulation of a light degree of freedom. Using lattice field theory simulations
of massless preheating with g2/λ = 2, we find a flat angular spectrum l(l + 1)Cl ≈ 3 × 10−4,
which represents a strong anisotropy of ∼ 1% variations on large angular scales. For our choice
of couplings, long wavelengths are amplified most strongly during parametric resonance, which is
crucial for the development of the anisotropies. If future direct detection GW observatories are
capable of detecting backgrounds of cosmological origin, they should be able to detect this effect.
This could eventually become a powerful tool to discriminate among inflationary and preheating
scenarios.
I. INTRODUCTION
The recent results from the Planck satellite [1] and
other cosmological observations provide very strong sup-
port for the theory of cosmological inflation, according
to which the Universe experienced an early stage of ac-
celerated expansion. However, they offer little insight
into the cause of this expansion; the observations are
fully compatible with the simplest model with a single
slowly rolling scalar field, but there are many other mod-
els whose predictions agree equally well with the data.
In order to learn more about the physics of the early
universe, and of inflation in particular, one needs to con-
sider new observables that could be used as probes of
these primordial stages. One of the most promising can-
didates is gravitational radiation. On general grounds, it
is expected that due to quantum metric fluctuations, an
almost scale-invariant background of gravitational waves
(GWs) was produced during inflation [2]. Furthermore,
post-inflationary GWs are thought to have been signifi-
cantly sourced by different non-equilibrium processes in
the early universe. Specific backgrounds of GWs are pre-
dicted from bubble collisions in phase transitions [3, 4],
the creation [5], evolution [6] and decay [7] of cosmic de-
fect networks, or from reheating [8, 9], the transition from
inflation to a radiation dominated universe.
Depending on the physical parameters, each of these
phenomena would give rise to a characteristic spectrum
of GWs, which could be detected and measured by fu-
ture experiments. The GW background from inflation,
for instance, has either a flat or a tilted spectrum. Post-
inflationary GW backgrounds, instead, have very spe-
cific spectral shapes, typically with some kind of feature
such as a well defined peak, and characteristic slopes in
the low- and high-frequency tails. In the case of GWs
from reheating, the spectral shape contains relevant in-
formation about the corresponding inflationary model.
While both the GW background from inflation and re-
heating can be used to extract the energy scale of in-
flation, the one from reheating also encodes information
about the coupling(s) between the inflationary sector and
other matter fields. This additional information is ’im-
printed’ in the details of the spectrum, i.e. in its shape
and height.
In a recent letter [10], we pointed out that in models
with other light scalar fields beside the inflaton, the ob-
served amplitude of the stochastic GW background from
reheating would generally be anisotropic. The amplitude
of the GWs would depend on the position where they
were produced, and we would measure different ampli-
tude in different directions in the sky. The details of this
anisotropy depend sensitively on the microscopic theory,
and therefore potentially provide a very useful way to dis-
tinguish between different theories. The anisotropy pat-
tern could be used as an additional observable on the in-
flationary sector, helping to break degeneracies in model
parameters which would be indistinguishable if they were
inferred from the spectral shape alone.
In typical inflationary models, preheating produces
GWs at high frequencies, around 108 − 1011Hz [8, 9],
which is far too high for current or planned experiments
such as LIGO or NGO/eLISA. However, first efforts have
been made towards building GW detectors at ∼ 108 Hz
frequencies [11], although the sensitivity of the existing
prototypes is still far too low for detecting gravitational
waves from preheating. The relative amplitude of the
anisotropy we find is of order ∼ 1% on large angular
scales, which means that if the GW background from
preheating is ever detected, the sensitivity will only have
to improve by two orders of magnitude in order to start
probing the anisotropy.
In this paper we present full details of the calculations
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2reported in Ref. [10]. We also include some new data and
carry out an improved analysis of the whole data set. The
paper is organised as follows: In Section II we define the
massless preheating model and discuss its dynamics at a
qualitative level. In Section III, we explain how GWs are
produced during preheating. In Section IV we present
general arguments why the observed GW amplitude can
be anisotropic in the presence of light scalar fields. In
Section V we describe the numerical simulations we use
to measure the GW anisotropy, and in Section VI we
present and discuss our results. Finally, we conclude in
Section VII.
II. MASSLESS PREHEATING
In many theories, reheating involves a highly out-of-
equilibrium early stage driven by non-perturbative effects
called preheating. The most common example is a period
of parametric resonance between the inflaton field and
other scalar fields [12, 13]. The resonance transfers a
significant fraction of the inflaton’s energy to the other
fields, allowing the Universe to reheat much faster than
through perturbative processes.
Massless preheating [14] is a model where this phe-
nomenon naturally occurs. It has the potential
V (φ, χ) =
λ
4
φ4 +
1
2
g2φ2χ2, (1)
where φ is the inflaton field, χ is another scalar field and
λ and g are dimensionless coupling constants. Because
the model has no dimensionful parameters, it is scale
invariant and contains no fixed physical length scale.
This makes it particularly convenient for numerical lat-
tice field theory simulations.
The equations of motion for the two scalar fields in an
expanding Friedmann-Robertson-Walker Universe, with
scale factor a(t), are
φ¨+ 3Hφ˙− 1
a2
∇2φ+ (λφ2 + g2χ2)φ = 0, (2)
χ¨+ 3Hχ˙− 1
a2
∇2χ+ g2φ2χ = 0, (3)
where dots denote derivatives with respect to cosmic
time, and H = a˙/a is the Hubble rate, determined by
the Friedmann equation
H2 =
4pi
3M2Pl
[
φ˙2 + χ˙2 + (∇φ)2 + (∇χ)2 + 2V (φ, χ)
]
,
(4)
with MPl ' 1.22×1019 GeV the Planck mass. Note that
any term on the the right-hand side of Eq. (4) should be
understood as spatially averaged.
During inflation, φ has a large value and χ is small, and
therefore the behaviour is the same as in λφ4/4 chaotic
inflation, a model that has now been clearly ruled out by
observations [1]. Still, we choose to focus on it because of
its computational convenience due to its scale invariance.
Our aim is to compute the anisotropies arising in the GW
background from preheating in this model. Later we will
argue that these anisotropies are a common phenomenon
arising naturally in other inflationary models, as long as
certain conditions are met. Massless preheating is simply
a good starting point for the analysis.
We are interested in the case in which the χ field is
light during inflation, in the sense that its mass mχ = gφ
is less than the inflationary Hubble rate H. Comoving
modes of the χ field that leave the horizon while this
condition is satisfied freeze out. This leads to a nearly
scale-invariant Gaussian spectrum of fluctuations, with
power spectrum [15]
Pχ ≡ ∂〈χ
2〉
∂ log k
' H
2
4pi2
, (5)
as for the inflaton field. At a time N e-foldings be-
fore the end of inflation, the inflaton has the value
φ =
√
N/piMPl [15]. Therefore, the field χ is light N
e-foldings before the end of inflation if
m2χ
H2
=
3g2φ2
2piλM2Plφ
4
=
3g2
2Nλ
. 1. (6)
In order for this to be the case for the largest observ-
able scales, which left the horizon N ∼ 60 e-foldings
before the end of inflation, the couplings must satisfy
g2/λ . 2N/3 ∼ 40. If H falls below mχ before infla-
tion ends, χ starts to oscillate with a decreasing ampli-
tude, but if this underdamped period is short enough,
the large-scale fluctuations of the χ field will still have a
significant amplitude at the end of inflation and can lead
to potentially observable effects. In practice we choose
g2/λ = 2, which guarantees that χ is light apart from
the very last moments of inflation. For more details, see
Appendix A.1 of Ref. [16].
Ultimately, we will solve the full equations (2)–(4) nu-
merically, but it is instructive to consider the linearised
approximation first. Ignoring both χ and the inhomo-
geneous modes of φ, which are much smaller than the
homogeneous φ, Eq. (2) reduces to
φ¨+ 3Hφ˙+ λφ3 = 0 . (7)
During inflation the friction term 3Hφ˙ dominates. Once
inflation ends and the inflaton has rolled down the po-
tential, the second derivative becomes important and φ
oscillates around its minimum. Because it has no mass
term, it has the equation of state of radiation, and there-
fore the Universe expands approximately as a ∝ t1/2 [17].
Using a conformal rescaling φ→ aφ and rescaled confor-
mal time dτ = (
√
λφi/a)dt, the solution of equation (7)
can be written in the form of the Jacobi cosine func-
tion [14]
φ(τ) = φi cn(τ, 1/
√
2) , (8)
with φi the initial amplitude.
3FIG. 1: Stability chart of the Lame´ equation. Shaded re-
gions correspond to unstable regions where fluctuations grow.
The characteristic Floquet exponent µ(k, g2/λ) is greater for
darker regions, varying from µ ≈ 0.2 (darkest region), up to
µ ≈ 0.02 (lightest region), in steps of ∆µ = 0.02.
The solution (8) has the same form as in non-
expanding Minkowski space. This is due to the conformal
invariance; the absence of any scale allows for a map-
ping into an equivalent problem in Minkowski space [14].
The oscillating inflaton provides an oscillatory mass term
for the field χ, whose Fourier modes (again rescaled by
χ→ aχ) obey the Lame´ equation
χ′′k +
[
κ2 +
g2
λ
cn2(τ, 1/
√
2)
]
χk = 0 , (9)
with κ = k/(
√
λφi) the rescaled wavenumber. Again,
due to scale invariance, Eq. (9) has the same form as in
Minkowski space.
The inflaton self-interaction leads to the same mode
equation for the fluctuations φk, but with g
2/λ replaced
by the number 3. Thus, studying the fluctuations of both
φ and χ amounts to analysing the same equation, Eq. (9).
For any value of g2/λ, the mode equation has un-
stable solutions for specific bands of momenta κ, for
which the fluctuations grow exponentially as χk(τ) =
exp
[
µ(k, g2/λ)τ
]
f(τ), where f(τ) is a periodic function
and µ(k, g2/λ) is a characteristic Floquet exponent quan-
tifying the strength of the resonance. The resonance
chart for the Lame´ equation showing the stable and un-
stable regions was computed in Ref. [14] and is partially
reproduced in Fig. 1. For any value of g2/λ there are
resonant comoving modes κ, but the strength of the reso-
nance and which comoving wavelengths it affects depend
sensitively on the ratio g2/λ.
If χ is light, as we will assume, it acquires the spectrum
given by Eq. (5). This implies that χ varies on superhori-
zon scales at the onset of preheating. Within each hori-
zon volume, χ will have a distinct non-zero background
value, which we will denote as χi. The initial conditions
at end of inflation are therefore set by a homogeneous
amplitude χi, which is different in each horizon volume,
superimposed with subhorizon vacuum fluctuations. The
instability of the field during preheating will amplify the
field modes that are inside the resonant bands for the
given coupling ratio g2/λ. If the resonance band includes
κ = 0, then the homogeneous mode will be amplified and
can become significant by the time the dynamics become
non-linear. This means that the non-linear evolution will
take place differently in each different Hubble patch, de-
pending on the local value of χi, with important conse-
quences for perturbations [18–20] and gravitational wave
production [10].
III. GRAVITATIONAL WAVE PRODUCTION
Gravitational waves are produced during preheating as
a result of a classical process, when fast moving inhomo-
geneities are generated in the scalar fields. Parametric
resonance excites fluctuations only within a given char-
acteristic range of momenta k∗, which depends on the
couplings (see Fig. 1). This translates into field inhomo-
geneities in configuration space of size L∗ ∼ 1/k∗. The
field distribution develops a rapidly evolving anisotropic
stress, the transverse-traceless part of which acts as a
very efficient source of GWs. The initial inhomogeneous
configurations of size L∗ collide among themselves, break-
ing down into smaller inhomogeneities. This produces yet
more GWs, but at smaller scales k > k∗. Eventually the
fields relax, and the production of GWs ceases. In the
end, a spectrum of GWs emerges with a certain width
around k∗. Once produced, the GWs decouple from the
matter fields, and propagate unimpeded until now. We
should in principle be able to measure their spectrum to-
day, and thus infer information about the process that
generated them.
Let us review how GWs are produced in more de-
tail. During preheating, we consider tensor perturbations
around a Friedmannian background,
ds2 = −dt2 + a2(t)(δij + hij)dxidxj , (10)
with the transverse-traceless condition ∂ihij = hii = 0
satisfied, in order for hij to be identified with GW degrees
of freedom. Linearizing the Einstein equations, one finds
an equation of motion for the perturbations,
h¨ij + 3Hh˙ij − 1
a2
∇2hij = 16pi
M2Pla
2
ΠTTij (φ, χ) , (11)
where the source term for GWs, ΠTTij , is the transverse-
traceless (TT) part of the anisotropic stress tensor. In
4practice it depends only on the field gradients and can
be written as [21]
ΠTTij = [∂iχ∂jχ+ ∂iφ∂jφ]
TT
, (12)
where [...]TT projects out the TT part of the expression
inside the brackets.
The TT-projection in configuration space is a non-local
operation, so it is convenient to perform the projection
in Fourier space. Defining a projector
Λij,lm(kˆ) = PilPjm − 1
2
PijPlm, (13)
Pab ≡ δab − k−2kakb , (14)
the source of GWs can be written as
ΠTTij (k, t) = Λij,lm(kˆ) (15)
×
∫
dx e−ikx {∂lχ∂mχ+ ∂lφ∂mφ}(x, t) .
It is then guaranteed that ΠTTii (k, t) = kiΠ
TT
ij (k, t) = 0,
∀k, t.
For g2/λ & 1, the order of magnitude of the typical (di-
mensionless) momentum width ∆κ of the resonant modes
is bounded by [14]
∆κ . 1√
pi
(
g2
λ
)1/4
. (16)
This can be seen in Fig. 1. For g2/λ = 2, the princi-
pal resonant band is ∆κ2 . 0.3, and thus the typical
momenta are bounded as ∆κ . 0.55, which is of the
same order as pi−
1
2 2
1
4 ≈ 0.67. As also demonstrated by
Fig. 1, for the particular choice of g2/λ = 2, κ = 0 is
the most resonant mode, since it has the greatest Flo-
quet exponent. The resonance dies away as we approach
κ2 ' 0.3, i.e. the Floquet index goes to zero. The spec-
trum of fluctuations, however, goes as k2|χk|2 ∼ k2e2µ(k),
so its maximum amplitude will occur for some interme-
diate scale κ∗ between 0 and ∆κ, typically a fraction of
∆κ. Therefore, we expect the spectrum of the fluctua-
tions of the resonant field χ to be peaked at around a scale
κ∗ ∼ O(0.1). The source of GWs, formed by products of
fields, will therefore be peaked around κ∗ as well1. The
tensor perturbations will then inherit this scale, and cor-
respondingly the spectrum of GWs should also be peaked
around κ∗.
The total GW energy density within a volume V = L3,
normalised to the critical energy density ρc is defined as
ΩGW(t) =
1
ρc
∫ (
dρ
GW
d log k
)
d log k , (17)
1 Due to the gradients in the anisotropic stress expression, the GW
source term should actually be peaked at a slightly different scale
than κ∗. However, this is just a small shift, so the actual peak
scale is expected to be of the same order as κ∗.
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FIG. 2: Typical GW spectra from massless preheating with
g2/λ = 2, shown at different time steps as the amplitude
grows. The highest curve (continuous line) corresponds to the
final time step of our simulation τ = 250, when the amplitude
saturates. The peak of the spectrum is at κ∗ ∼ O(0.1). The
production of GWs increases significantly between τ = 70 and
τ = 80, when the system becomes non-linear and there is a
transfer of power into smaller scales (higher momenta).
with the GW power spectrum per logarithmic momen-
tum interval given by [22]
dρ
GW
d log k
(k, t) ≡ k
3M2Pl
(4piL)3
∫
dΩk
4pi
h˙ij(t, k, kˆ)h˙
∗
ij(t, k, kˆ)
(18)
More explicitly, the tensor modes can be written in terms
of an appropriate Green function G(k, t− t′) as
h˙ij(k, t) =
16pik
M2Pl
∫ t
dt′ G(k(t− t′)) ΠTTij (k, t′) , (19)
while the source term in Fourier space is
ΠTTij (k, t) = Λij,lm(kˆ)
∫
dq ql qm χq(t)χ
∗
|k−q|(t) , (20)
plus an analogous expression for the fluctuations of φ.
Looking at the last three equations we can now better
understand the explanations above: ΠTTij (k, t) will be
peaked at k∗ since it depends directly on the χ fluctu-
ations through Eq. (20) . From Eq. (19) we see that
h˙ij(k, kˆ, t) will inherit the peak scale from Π
TT
ij (k, t), and
consequently so will
dρ
GW
d log k (k, t) via Eq. (18).
We thus expect the energy spectrum of the GW back-
ground from massless preheating to be peaked around
a scale slightly smaller than ∆κ ∼ pi−1/2(g2/λ)1/4. In
Fig. 2 we show the evolution in time of such spectrum
obtained for g2/λ = 2. At early times, the peaks are
located around κ∗ ≈ 0.25, which is about a factor three
smaller than 21/4/
√
pi ≈ 0.67. The amplitude of the GWs
grows due to the initial parametric resonance until non-
linearilities appear, increasing the amplitude further and
transferring power into the higher momentum modes.
5IV. ANISOTROPIC GRAVITATIONAL WAVE
BACKGROUND
As mentioned in Section II, the lightness of the scalar
χ implies that, at the end of inflation and the time of
preheating, χ will vary on superhorizon scales. In each
horizon volume, χ will have a distinct non-zero back-
ground value χi. Any quantity f that depends on the
value of χi, f(χi), will consequently vary between differ-
ent preheating horizon volumes.
In each Hubble volume the unstable resonant modes
will grow very similarly as long as the evolution is linear.
If the homogeneous mode κ = 0 is inside a resonance
band, it will also grow exponentially and can be signifi-
cant by the time the system becomes non-linear. In that
case, the whole non-linear evolution can depend sensi-
tively on the initial value χi of the homogeneous mode.
Therefore it will also have a strong effect on the pro-
duction of GWs. As the effect arises from non-linear
dynamics, it cannot be computed analytically.
In our current observable universe, the GW back-
ground from preheating detected on Earth today would
have originated from a comoving spherical shell of radius
R ∼ 1/H0, where H0 the Hubble rate today. This shell
clearly contains a very large number of preheating Hub-
ble volumes. Any direction nˆ on the sky will be pointing
to one of these primeval volumes centered at r = Rnˆ. As
χ varies on cosmological scales, and since we expect that
ΩGW is a function of χi, the GW amplitude will then de-
pend on the direction nˆ, i.e. Ω
GW
(nˆ) = Ω
GW
(χi(Rnˆ)). In
other words, the measured amplitude of the gravitational
wave background from preheating will be anisotropic on
the sky.
The question then is, how large is the difference in am-
plitude in the GW background when observed at differ-
ent angular directions in the sky? To answer this, we will
study preheating numerically, considering a collection of
preheating Hubble volumes (which are in causal contact
in our current observable universe, but evolved indepen-
dently during preheating), with different initial values χi.
This separate universe approximation was employed by
[16, 20] in the context of massless preheating, to study
the effect of χi on the curvature perturbations. Later,
more accurate calculations [23] showed that certain ini-
tial values χi lead to spikes in the curvature perturbation
from inflation, which would result in cold spots in the
CMB. Here we will use the same approach to calculate
the dependence of ΩGW on χi.
In order to do that, we first need to determine what
range of χi values we can expect the GW background
from preheating to have originated from. Since χi is a
Gaussian random field with a scale-invariant spectrum
(5), it will have a non-zero average value in any given
volume, even in the comoving volume that corresponds
to the currently observable Universe. The range of co-
moving wavelengths that are amplified by inflation ex-
tends from the Hubble length at the end of inflation,
k ∼ H∗, which is well inside the horizon today, to the
Hubble length at the start of inflation, which probably
corresponds to a superhorizon scale much larger than our
current horizon.
From the observational point of view, the wavelengths
that are currently inside the horizon, k & a0H0 appear as
inhomogeneous fluctuations, or anisotropies on the sky.
The variance σ2χ of these fluctuations can be computed
from the power spectrum (5),
σ2χ =
∫ a0H0
H∗
dk
k
Pχ = H
2
∗
4pi2
N∗ , (21)
where N∗ ∼ 60 is the number of e-folds after the largest
observable scales left the inflationary Hubble radius, and
we have fixed a∗ = 1 at the end of inflation.
If inflation lasted longer than N∗ ∼ 60 e-folds, even
larger scales had been amplified and χ will have varied on
scales that are superhorizon now. The actual mean value
χi across the Universe would be a particular realization
drawn from a Gaussian distribution with variance
〈χ2i 〉 =
∫ (aH)start
a0H0
dk
k
Pχ
=
∫ (aH)start
H∗
dk
k
Pχ −
∫ a0H0
H∗
dk
k
Pχ
=
H2∗
4pi2
(Ntot −N∗) , (22)
whereNtot = ln(1/astart) is the total number of e-foldings
of inflation. A typical average field value across a volume
as large as our observable Universe is then
χi ∼
H∗
2pi
√
(Ntot −N∗) . (23)
Since the value of Ntot is unknown, we will consider the
actual realization of χi within our observable patch as a
free parameter, simply restricted to χi > H∗/2pi.
We will study how Ω
GW
depends on the different values
of χi as drawn from a Gaussian distribution with variance
σ2χ given by Eq. (21), and centered around a mean value
χi of our choice [but of the order of Eq. (23)].
V. SIMULATIONS
We have used comoving 3d lattice simulations to study
the production of GWs during preheating numerically.
Our code was based on the publicly available MPI
C/C++ ClusterEasy package [24], which uses a second-
order leap-frog integrator with periodic boundary con-
ditions. The accuracy of this method was sufficient for
our purposes (as opposed to the case where the contribu-
tion of χ to curvature perturbations was analysed as in
[20, 23], where a more accurate integrator was needed).
The code solves discretized versions of the field equations
for the scalars, Eqs. (2), (3), and the Friedmann equation
Eq. (4). To compute the GW spectrum we need to solve
6the equation for the tensor perturbations, Eq. (11), and
calculate Eq. (18). However, performing the TT projec-
tion on the GW source and Fourier transforming to mo-
mentum space and back at all time steps of the simulation
would be computationally very costly. To avoid having to
do this, we follow the method introduced by [25], which
amounts to the following procedure. In Fourier space,
Eq. (11) has the formal solution given by Eq. (19), as long
as the initial conditions are hij(k, ti) = h˙ij(k, ti) = 0.
The solution can be re-written as
h˙ij(k, t) = Λij,lm(kˆ)u˙lm(k, t) (24)
where
u˙lm(k, t) ≡ 16pik
M2Pl
∫ t
dt′ G(k(t− t′)) Πefflm(k, t′) , (25)
with Πeffij (k, t) the Fourier transform of
Πeffij (x, t) ≡ (∂iχ∂jχ+ ∂iφ∂jφ) (x, t) , (26)
the unprojected source term. The idea is to solve a dis-
cretized version of the equation of motion
u¨ij + 3Hu˙ij − 1
a2
∇2uij = 16pi
M2Pla
2
Πeffij (φ, χ) (27)
in configuration space. Only at the times for which we ac-
tually want to obtain the GW spectrum, we then Fourier
transform u˙ij(x, t) to u˙ij(k, t), and recover the real GW
degrees of freedom h˙ij(k, t) by means of the projection
in Eq. (24). From there, we can simply compute the
spectral amplitude for each mode by using Eq. (18).
On a lattice, there is some ambiguity regarding the dis-
cretization of the projection operator Λij,lm in Eq. (24).
The different projections, based on the different dis-
cretized schemes for lattice derivatives, were analysed in
detail in [22]. In our simulations we used a discretized
version of Eq. (18) given by Eq.(4.5) in [22]. We chose to
use a simple real projector for which the transversality
condition is attained by neutral lattice derivatives defined
as ∆if [n] ≡ 12dx [f(n + iˆdx) − f(n − iˆdx)], where n is a
lattice site and dx the lattice spacing. We checked that
the choice of projector did not influence our results.
The only parameters in the model we need to specify
are the two coupling constants, and in particular their
ratio g2/λ. The CMB normalization fixes the inflaton
self/coupling to λ = 9 × 10−14 [26]. We take g2/λ = 2
to ensure that the field χ is light during inflation, and
that its longest wavelength modes get amplified strongly
(Section II). We also ran simulations for g2/λ = 1 and
6, which also guarantee the lightness of χ during infla-
tion, but do not lead to the amplification of homogeneous
modes. In such cases we did not observe any anisotropies,
which shows that the long wavelength mode dynamics are
very important for the production of GWs.
At the start of every simulation, we chose the follow-
ing initial conditions: the scale factor was set to ai = 1,
and the inital amplitude of the homogeneous inflaton to
φi = 0.342MPl, corresponding to the value for which
φ˙i = −H∗φi in the slow roll regime. Fluctuations in
the fields φ and χ were set mimicking quantum vacuum
fluctuations: considering each mode (φk, χk) given by a
complex number |fk|e+iϕk , the phases ϕk were taken as
random numbers uniformly distributed between [0, 2pi),
while the moduli amplitudes were set according to a
Rayleigh distribution [27], with variance
〈|fk|2〉 = 1
2a2ωk
, ωk ≡
√
k2 +m2f , (28)
and effective masses m2φ ≡ 3λφ2i + g2χ2i and m2χ ≡ g2φ2i .
The initial background value χi was chosen as described
in section III. We considered a Gaussian random distri-
bution with variance given by Eq. (21) and mean value
by Eq. (23). From Eq. (4) the Hubble rate at the end of
inflation (when the first derivative term can be neglected)
is given by
H2∗ ≈
8piλφ4i
12M2Pl
' 2.6× 10−15M2Pl. (29)
Using N∗ ∼ 60 and Eq. (21), the variance of χi across the
observable universe is then σ2χ ' 4 × 10−15M2Pl. Taking
(Ntot −N∗) ∼ 100, the mean value of χi is of order χi ∼
10−7MPl. In our simulations we made the specific choice
χi = 3.42× 10−7MPl, and later extrapolated our results
to neighboring values by the Monte Carlo reweighting
method, as we explain in Section VI C.
An important program variable to specify is the lat-
tice size L, which ultimately fixes the infrared momen-
tum cutoff kIR = 2pi/L, i.e. the minimum momentum
captured by a simulation. For the case g2/λ = 2, the
long wavelength modes get amplified most strongly, so
we need to choose quite a large lattice volume to ensure
that we capture the peak of the GW spectrum. At low k,
the k3 term in Eq. (18) dominates, showing that there is
no amplification of modes on scales that are not causally
connected. In other words, despite k = 0 being the maxi-
mally amplified resonant mode, the maximum amplitude
of the GW spectrum is at some scale k∗ 6= 0, as dis-
cussed in Section III. We therefore need to ensure that
our choice of lattice volume is such that the IR cut-off
satisfies kIR < k∗.
In the natural program variables, the comoving lattice
size L is given in units of (
√
λφi)
−1, so that we can define
a dimensionless variable L˜ ≡ √λφiL. For the choice of
couplings g2/λ = 2, the peak of the resonant modes, and
thus of the GWs, is located around κ∗ ∼ 0.1 (see Fig. 5).
This forced us to consider L˜ ∼ O(100) lattice sizes, in
order to guarantee that the largest excited wavelength
modes were captured. We found that any value between
L˜ = 80 and L˜ = 160 turned out to be reasonable choice,
despite the fact that they initially exceed the comoving
Hubble radius. Ideally, the simulation volume should be
smaller than the comoving Hubble volume at all times, to
make sure we only describe causally connected regions.
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FIG. 3: Evolution of the of the mean field amplitudes squared
and of their variances. The exponential growth of fluctuations
due to parametric resonance can be clearly appreciated.
However, the assumption of a Friedmannian background
on scales that are larger than the Hubble horizon is justi-
fied as long as no variations in the scale factor, i.e. curva-
ture perturbations, are being considered. Furthermore,
the largest wavelength modes in the chosen lattice vol-
ume(s) turn into subhorizon during the stage of maximal
GW production, so in this sense our choice of dynamical
range is justified.
To also ensure a good coverage of the short wavelength
ultraviolet modes, it was necessary to use lattices with a
large number N of points per dimension, at least N =
512. The GW spectrum plotted in Fig. 2 shows the large
dynamical range captured by our simulations, where the
momenta span more than two orders of magnitude.
Our simulations confirm the usual behaviour of para-
metric resonance, see Fig. 3. Note that here and in all
later discussions fields have been rescaled by the scale
factor a. Initially the amplitude of φ is much larger than
that of χ, but the oscillations of the former induce a res-
onant growth of the χ fluctuations. This is shown very
clearly by the variance term 〈χ2〉, which grows exponen-
tially fast from from τ = 0 to τ = 70, where τ is the
rescaled conformal time τ = (
√
λφi/a)t. The variance in
φ grows as well due to its self-interactions and coupling
to χ, but its growth only starts at around τ = 40, once
〈χ2〉 has already been amplified by around six orders of
magnitude. The energy transferred from φ to χ is signif-
icant, so the (mean) amplitude of χ eventually reaches
that of φ, at about τ = 70, and the system becomes non-
linear. For further details on the linear dynamics of the
system, we refer the reader to Ref. [14].
The production of GWs starts during the initial stage
of exponential growth of the χ fluctuations, between
τ = 0 and τ = 70. During the subsequent stage of non-
linear evolution, from τ = 70 until τ = 100, the field
gradients become much larger, and consequently GWs
are being produced with larger intensity. This can be
seen in Fig. 2. The GW production finally reaches an
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FIG. 4: The total energy density of gravitational waves as a
function of rescaled conformal time τ for two different initial
field values χi.
end when the system enters into a turbulent regime, on
its way towards equilibration. The time evolution of the
total GW energy density, obtained by summing over all
lattice momenta, is shown in Fig. 4. Because of turbulent
oscillations of the fields, it oscillates around a constant
mean value at the end of simulation. Therefore we need
to average over a few oscillations to obtain a stable final
value for the gravitational wave energy density Ω
GW
.
The final amplitude of the GW spectrum, obtained
from an average over several time oscillations as well
as over five random realisations of the inhomogeneous
modes, is shown in Fig. 5. We will comment on the sig-
nificance of the two different initial values χi in section
VI A. Note that the error bars only contain the mean-
ingful statistical variation due to different seeds (but we
want to point out that the fluctuations in time were of
the same order of magnitude). The dashed lines corre-
sponds to our fiducial choice of lattice size and number
of points per dimension (L˜, N) = (80, 512), whereas the
solid lines correspond to (L˜, N) = (160, 1024), ensuring
the same ultraviolet (UV) coverage. For L˜ = 160, one can
clearly see a drop in the infrared (IR), which shows that
very long wavelength modes are not excited, as expected
from causality. The runs with (L˜, N) = (160, 1024) were
computationally too expensive for our purposes, which
require performing several hundreds of simulations as we
shall explain in Section VI B. However, we chose to run
a few simulations with such a large lattice volume to
show that, in practice, the total integrated GW ampli-
tude from the two cases agrees to better than 1%. This
demonstrates that the fiducial case (L˜, N) = (80, 512),
which we use systematically in Section VI B, is not dom-
inated by lattice artifacts, and therefore meets our needs.
For lattices with N = 256, independently of the volume
L˜, it was not possible to capture both the IR and UV
behaviour sufficiently well at the same time. Runs with
(L˜, N) = (> 80, 512) improved the IR coverage but would
require to upgrade to N = 1024 to keep a sufficiently
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FIG. 5: Final spectrum of GW for χi = 3.4×10−8MPl (upper,
blue curves) and χi = 1.0 × 10−8MPl (lower, black curves),
averaged over time oscillations and five random realizations of
inhomogeneous fluctuations. The solid curves are for L˜ = 160,
N = 1024, and the dashed curves for L˜ = 80, N = 512.
The area underneath corresponds to the total fractional GW
energy density within a preheating Hubble domain.
good UV coverage, which, as mentioned before, was too
costly computationally. The choice (L˜, N) = (80, 512)
therefore turned out to be the optimal one for our goals,
representing a good compromise between a sufficiently
large dynamical range, and low enough memory usage
and shorter duration of the runs.
VI. RESULTS
In this section we will describe and quantify the
anisotropy pattern arising in the GWs from massless pre-
heating in detail. We will first consider the impact on
the dynamics of χ due to different χi values as an initial
condition. Different behaviour in the χ dynamics de-
pending on χi will then give rise to a different amplitude
in the produced GWs, thus creating an inhomogeneous
distribution of the GW energy density over cosmological
scales. We will show how to treat the produced inhomo-
geneities statistically, which today will be perceived as an
anisotropic variation in the amplitude of the GW spec-
trum, depending on the direction of observation. We will
quantify the amplitude and shape of the angular power
spectrum of the relative fluctuations in the total energy
density of GWs, and analyse its dependence on the ac-
tual mean value χi realised in our observable Universe.
We will end the section by providing further insight into
the physical origin of the anisotropy pattern arising in
the GWs from massless preheating.
A. The impact of χi
Let us begin by observing how different values of χi
give rise to a different GW background from massless pre-
heating. Fig. 5 shows the GW spectrum obtained from
simulations initialised with two different values, χi =
3.4×10−8MPl (upper, blue curve) and χi = 1.0×10−8MPl
(lower, black curve), chosen for the purpose of illustra-
tion. As Fig. 5 shows a log-linear plot, the area un-
derneath the curves corresponds to the total fractional
GW energy density within a preheating volume. While
the peaks of the spectra are located at the same scale
κ∗ ' 0.1 − 0.2 (which is, as mentioned previously, just
determined by the scale at which fluctuations get ampli-
fied), the amplitudes are not comparable. The two initial
χi values therefore lead to a large difference in the GW
energy density, with the peaks of the spectra differing in
amplitude by a factor of four. This O(1) effect is much
larger than what could be naively expected.
Since the two cases in Fig. 5 start with different ran-
dom initial conditions for the UV modes, one might be
tempted to think such a difference in amplitude could be
just a statistical fluctuation. However, the error bars in
each plot of the figure, which correspond precisely to the
variation of different initial random seeds for the initial
quantum fluctuations in χ, demonstrate that this is not
the case: the magnitude of the statistical fluctuation is
much smaller than the variation in the GW amplitude
due to considering two different initial χi values. The
final discrepancy in amplitude of the GW spectra must
therefore arise because of the different behaviour of the
fields sourcing the GWs, ultimately due to the different
choice of initial amplitude χi.
Because the GWs are sourced by field gradients, the
homogeneous component has no effect until the evolution
becomes nonlinear. However, if the homogeneous mode
lies inside a resonance band, as in our case, it grows ex-
ponentially and contributes significantly to the nonlinear
dynamics. Different values of χi will therefore create a
different outcome in the spatial distribution of χ.
As explained in Section III, the fact that parametric
resonance only occurs at finite bands in momentum space
produces a very inhomogeneous distribution in configu-
ration space. In Fig. 6, we show a time sequence of 2d
snapshots of the 3d spatial distribution of the field χ. We
compare the same values χi = 3.4×10−8MPl (left panels)
and χi = 1.0× 10−8MPl (right panels) which we already
chose for Fig 5. The snapshots are taken at times during
the non-linear evolution of the fields, in ∆τ = 2 intervals
between τ = 73 and τ = 79, just when the GW produc-
tion is strongest. Fig. 5 and Fig. 6 together demonstrate
very clearly that there is a correlation between the gra-
dients of χ and the amplitude of the produced GWs: for
χi = 3.4× 10−8MPl, the gradients and, consequently the
GW amplitude, are higher than for χi = 1.0× 10−8MPl.
We postpone an analysis of the physical reason for this
sensitive dependence of the gradients of χ (and therefore
of the GWs) on the initial value χi to Section VI D.
9FIG. 6: 2d snapshots of the 3d distribution of χ at different
times of the evolution during preheating, from τ = 73 to τ =
79, the time when the GWs are being sourced most actively.
The left panels correspond to the case χi = 3.42 × 10−8MPl,
and the right panels to χi = 1.0×10−8MPl. The color coding
is fixed during the evolution, though different between the two
cases. However, the range of χ values covered by the axis is
the same in both cases, such that different colours describe the
same magnitude of difference in both cases. The correlation
between the dynamics of the sources and the amplitude of the
GWs is clearly demonstrated by this sequence of snapshots:
the gradients for χi = 3.42×10−8MPl are larger than for χi =
1.0× 10−8MPl, in correspondence with the higher amplitude
of GWs, as shown in Fig. 5.
B. Toolkit for computing GW Anisotropies
The amount of GW production depends strongly on
the value of χi, as we have shown explicitly in Sec-
tion VI A for two values of χi. We will later present the
data from many simulations, each with a different χi am-
plitude drawn from the appropriate random distribution.
We will find that in the scenario we are studying, the de-
pendence of Ω
GW
on χi is very irregular (see Fig. 10).
To quantify the amount of anisotropy as derived from
a given Ω
GW
(χi) dependence, we first need to provide a
mathematical toolkit for such an analysis.
To begin with, let us assume a situation where Ω
GW
(χi)
depends linearly on χi. We will not need this to be the
case in general (and actually it is not), but it will be
instructive to study the linear relation as a starting point.
Normalizing the χi variations to the natural scale of the
problem, H∗, we can then write
Ω
GW
(χi) = c0 + c1
δχi
H∗
, (30)
with δχi ≡ χi − χi, where χi is the mean value over the
currently observable universe. The constants c0, c1 are
dimensionless and completely characterize the function
Ω
GW
(χi) (under the linear assumption). From Eq. (30)
one can easily see that c0 can be identified with the
mean amplitude of the GWs over the observable universe,
i.e. c0 ≡ ΩGW . We can then express the relative fluctua-
tions of the GW energy density as
δΩ
GW
≡ ΩGW − ΩGW
Ω
GW
≡ c1
c0
δχi
H∗
. (31)
As these fluctuations are proportional to δχi, like χi they
represent a nearly Gaussian and scale-invariant random
field. The power spectrum of δΩGW can then be directly
related to the power spectrum Pχ of χi, simply as
P
GW
=
c21
c20
Pχ
H2∗
=
1
4pi2
c21
c20
. (32)
To measure fluctuations on the celestial sphere, it is
better to express them in terms of spherical harmonics
{Ylm}. This makes it possible to characterise the sta-
tistical properties of δΩ
GW
in terms of an angular power
spectrum, in the same way as one does for the CMB
temperature anisotropies. We can decompose the fluctu-
ations in the GW energy density as
δΩ
GW
(nˆ) =
∞∑
l≥1
+l∑
m=−l
glmYlm(nˆ) , (33)
where glm =
∫
4pi
dΩY∗lm(nˆ)δΩGW(nˆ) are (complex) co-
efficients weighting each angular moment. The angular
power spectrum Cl is then defined as the ensemble aver-
age of such coefficients,
〈 g∗lmgl′m′ 〉 ≡ Clδll′δmm′ , (34)
where the Kronecker delta δll′ reflects statistical isotropy
whereas δmm′ shows the statistical independence of the
2l + 1 multipoles for a given angular mode l. The Cl’s
are given by
Cl ≡ 2pi
∫
d cos θPl(cos θ)C(cos θ) , (35)
where Pl(cos θ) are the Legendre polynomials, and
C(cos θ) is the angular correlation of the GW fluctua-
tions at different directions in the sky nˆ1 and nˆ2:
C(cos θ) ≡ 〈δΩ
GW
(nˆ1)δΩGW(nˆ2)〉 , (36)
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with nˆ1 · nˆ2 ≡ cos θ.
Equivalently, the angular correlation can be expressed
as a linear sum in the Cl’s weighted as
〈δΩ
GW
(nˆ1)δΩGW(nˆ2)〉 =
∞∑
l≥1
(2l + 1)
4pi
Cl Pl(nˆ1 · nˆ2) .
(37)
Thanks to the assumed linear relation between δΩGW and
δχi in Eq. (31), the angular power spectrum of the GW
energy density fluctuations can then be calculated very
easily. Indeed, the calculation is analogous to the Sachs-
Wolfe plateau [15] for temperature fluctuations on large
scales (i.e. small multipole l) due to scalar perturbations.
It is simply given by
l(l + 1)Cl =
pi
2
PGW =
1
8pi
c21
c20
. (38)
Therefore, as long as δΩ
GW
is linearly dependent on δχi
as in Eq. (30), the coefficients c0 and c1 completely deter-
mine the angular power spectrum. In the case of mass-
less preheating, and generally in any other scenario of
preheating, the Ω
GW
(χi) relationship will not be linear.
This problem was recently discussed in Ref. [28], which
motivated our approach.
To describe fluctuations on any angular scale indepen-
dent of the functional form of the relation Ω
GW
(χi), we
need to compute the two-point correlation function of the
GW energy density originating from two points x and y.
Due to isotropy, this correlator can only depend on the
separation |x− y|. It can be written as
〈ΩGW(x)ΩGW(y)〉 ≡∫
dχxdχyP (χx, χy)ΩGW(χx)ΩGW(χy) , (39)
where P (χx, χy) is the joint probability distribution for
the field values χx = χi(x) and χy = χi(y) at the points
x and y. Defining the vector ~δχ ≡ (χx − χi, χy − χi),
since these are Gaussian random fields, we have
P (χx, χy) =
1
2pi
√|G| e− 12 ~δχTG−1 ~δχ , (40)
where the 2× 2 covariant matrix G and its inverse G−1,
with determinant |G|, are given by
G ≡
(
Gx,x Gx,y
Gx,y Gy,y
)
, G−1 ≡ 1|G|
(
Gy,y −Gx,y
−Gx,y Gx,x
)
(41)
with Gx,y ≡ 〈δχi(x)δχi(y)〉 the field correlator, and σ2χ =
Gx,x = 〈δχ2〉 the field variance [see Eq. (21)]. From the
scale-invariant power spectrum (5) we find
Gx,y ≈ H
2
∗
4pi2
ln(|x− y|H0). (42)
By obtaining the function Ω
GW
(χi) from lattice simula-
tions, we can compute the GW energy density correlator
(39). This is shown in Fig. 7 for χi = 3.42 × 10−7MPl.
Note that the correlator only depends on the distance
|x−y| through the ratio Gx,y/Gx,x = Gx,y/σ2χ. In prin-
ciple one can use this to compute angular correlation of
the GW energy density at two directions nˆ1, nˆ2 in the
sky, by evaluating Eq. (39) at positions x = Rnˆ1 and
y = Rnˆ2, with R (∼ H−1o ) the distance to the ’scatter-
ing surface’ at preheating where the GWs were emitted.
From there we can obtain the angular power spectrum
Cl by means of Eq. (35).
In practice, this procedure can be cumbersome and,
more importantly, since ΩGW(χi) may be very irregular,
it would be difficult to assess the accuracy in the final
amplitude of the Cl’s. Instead, we can note that for ob-
servationally relevant scales, |x− y| ∼ 1/H0, the ratio
Gx,y
σ2χ
≈ 1
N∗
' 0.017 (43)
is small. As Fig. 7 shows, the correlator is very well ap-
proximated by a linear Taylor expansion approximation,
which we discuss next.
To simplify the analysis and to avoid having to com-
pute the full correlation function Eq. (39), we perform a
linear Taylor expansion of the joint probability distribu-
tion in powers of the field correlator normalized to the
variance, Gx,y/σ
2
χ, as
P (χx, χy) ∝ exp
− (δχ2x + δχ2y)− 2
(
Gx,y
σ2χ
)
δχxδχy
2σ2χ
[
1−
(
Gx,y
σ2χ
)2]

(44)
≈ exp
(
−δχ
2
x
2σ2χ
)
exp
(
−δχ
2
y
2σ2χ
)[
1 +
(
Gx,y
σ2χ
)
δχxδχy
+ O
(
Gx,y
σ2χ
)2]
Substituting this expansion into Eq. (39), we then obtain
〈Ω
GW
(x)Ω
GW
(y)〉 ' (45)
〈Ω
GW
(χi)〉2 + 〈δχiΩGW(χi)〉
2
σ2χ
(
Gx,y
σ2χ
)
+ O
(
Gx,y
σ2χ
)2
,
where the expectation values on the right hand side are
given by
〈Ω
GW
〉 ≡
∫
dχiP (χi)ΩGW(χi) (46)
〈δχiΩGW(χi)〉 ≡
∫
dχiP (χi)δχiΩGW(χi) (47)
computed with the single-point probability distribution
P (χi) =
1√
2pi σχ
exp
{
−1
2
(χi − χi)2
σ2χ
}
. (48)
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FIG. 7: The full GW energy density correlator and its lin-
earised version. The two results agree very well up to the
largest currently observable scales, i.e. for small Gx,y/σ
2
χ val-
ues.
Re-arranging the terms on the right-hand side of
Eq. (45), we can write the equation as
〈Ω
GW
(x)Ω
GW
(y)〉 ' (49)〈(
〈ΩGW〉+
〈δχiΩGW(χi)〉
σ2χ
δχi(x)
)
×
(
〈ΩGW〉+
〈δχiΩGW(χi)〉
σ2χ
δχi(y)
)〉
This is precisely the form of Eq. (30), and therefore we
conclude that the results obtained earlier in the linear
case can be applied generally, provided that we identify
the coeffocients as
c0 = 〈ΩGW〉 , c1 =
H∗
σ2χ
〈δχiΩGW(χi)〉 . (50)
We can therefore use Eq. (38) directly to compute the an-
gular power spectrum of the relative GW energy density
fluctuations. We obtain
l(l + 1)Cl =
H2∗
8pi
〈δχiΩGW(χi)〉2
σ4χ〈ΩGW〉2
. (51)
This equation is one of the main results of the paper. It is
a master formula for the angular power spectrum of the
energy density fluctuations of any GW background of cos-
mological origin, whose anisotropies originated from the
modulation due to an inflationary spectator field. Con-
trary to the temperature fluctuations in the CMB, which
dynamically evolve during the tight coupling matter-
radiation era, GWs decouple upon production. Thus,
the GW energy density angular power spectrum will have
the characteristic ’plateau’ shape l(l + 1)Cl = const for
every multipole l. Therefore only very small multipoles
(large angular scales) will matter, since for large multi-
poles (small angular scales) the spectrum will decay as
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FIG. 8: ΩGW for our sample of initial field values χi. The
straight lines inbetween the points (real data from the smula-
tion) are drawn to guide the eye, but in reality more random
oscillations are expected in between points.
Cl ∼ 1/l2. If detectable, the effect would probably be
easiest to measure on the level of the quadrupole (l = 2).
We are now ready to calculate the typical amplitude of
fluctuations ∼√l(l + 1)Cl for any value of χi, by simply
evaluating the expectation values in Eq. (51) from the
results of our lattice simulations numerically. We will
now apply our anisotropies machinery to the specific case
of the GW background from massless preheating.
C. The anisotropies in the GW background from
massless preheating
According to the considerations in section V, we chose
a mean value χi = 3.42 × 10−7MPl and a variance
σ2χ = 3.3 × 10−15M2Pl to describe the range of initial
χi values the GW background from preheating is likely
to have originated from. We used the Monte Carlo
method to randomly choose N = 400 random values χji ,
j ∈ {1, . . . ,N} from the Gaussian distribution (48). To
be exact, we randomly picked 200 values χji and chose the
remaining half to be the symmetric value χj
′
i = 2χi−χji .
This ensures that the mean of our distribution will be
exactly the required χi = 3.42× 10−7MPl, which reduces
the error when computing expectation values. This is
necessary as we only have a finite sample of values so
will will never be able to obtain a perfect Gaussian dis-
tribution.
The Monte Carlo method has the advantage of mak-
ing it easier to sample the highly chaotic variation of the
GW energy density Ω
GW
(χji ) without needing to use a
very small step size in χ, as well as simplifying the com-
putation of the expectation values in Eq. (51). For each
χji , we did one simulation run, measuring the GW energy
density Ω
GW
(χji ), see Fig. 8. As the plot shows, ΩGW is
highly dependent on χi, varying by as much as a factor
12
of five between nearby values, although there are some
ranges of χi where the dependence is much smoother.
This irregular behavior is in line with the chaotic dy-
namics observed earlier [18, 19, 23], but its amplitude
is unexpectedly high. We also measured the variation
of ΩGW between different random realisations of the field
fluctuations and found that it was much smaller than the
variation between different values of χi, which indicates
that the effect is not merely statistical fluctuation.
As we used a Monte Carlo method to choose our range
of χji , the expectation values in Eq. (51) can be approx-
imated by averages within our sample,
〈ΩGW〉 ≈
1
N
∑
j
ΩGW(χ
j
i ),
〈δχΩGW〉 ≈
1
N
∑
j
(χji − χi)ΩGW(χji ). (52)
For χi = 3.42 × 10−7MPl, we obtained 〈ΩGW〉 = (5.45 ±
0.13) × 10−4 and 〈δχΩ
GW
〉 = (3.0 ± 1.2) × 10−12MPl.
Substituting these into Eq. (51) gives the amplitude of
the relative fluctuations δΩ
GW
= (Ω
GW
/Ω
GW
− 1) as√
l(l + 1)Cl = 0.017± 0.003, (53)
where the errors are estimated by the bootstrap method.
This method provides a useful way of measuring the un-
certainty in expectation values calculated from a set of
data, by mimicking the process of obtaining new data
from the same probability distribution. Assuming there
are N data points in the original ensemble, for each
bootstrap sample N of these points are randomly se-
lected, without avoiding double counting. The expec-
tation value is then calculated based on the current set
of data points, and the variance of many such bootstrap
samples gives an estimate of the error in the expectation
value. In our case, we used 1000 bootstrap samples of
200 randomly chosen symmetric pairs χj
′
i ,χ
j
i (again to
make sure that each bootstrap sample has the correct
mean χi = 3.42 × 10−7MPl) to calculate (52), and the
variance of these samples gave an error estimate of mag-
nitude 0.003 for the amplitude of relative fluctuations.
The numerical value of the variance for our set of initial
χi, generated by the Python random number generator,
turned out to be σ2 = 4.3×10−15M2Pl, significantly higher
than the desired variance σ2χ = 3.3×10−15M2Pl. To rectify
this, we reweighted our data to resemble a sample with
a variance closer to the required one.
Reweighting makes it possible to use to Monte Carlo
data for a specific probability distribution to calculate ex-
pectation values for other, similar distributions. Assume
values x were drawn from a probability distribution p(x)
and you need to calculate the expectation value of an
observable O from a slightly different probability distri-
bution function p′(x):
〈O〉′ =
∫
dxp′(x)O(x)∫
dxp′(x)
(54)
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FIG. 9: The relative amplitude of the multipoles of the
GW background as a function of the average field value χi,
calculated from Eq. (51). The red dot shows the amplitude
for original mean value χi = 3.42 × 10−7MPl, and the curve
shows values obtained by reweighting the same data.
We can re-express this in terms of the old probability
distribution p(x) as
〈O〉′ =
∫
dxp(x)p
′(x)
p(x) O(x)∫
dxp(x)p
′(x)
p(x)
=
〈r(x)O(x)〉
〈r(x)〉 ≡
∑
j r(xj)O(xj)∑
j r(xj)
(55)
where r(x) = p
′(x)
p(x) is the reweighting factor. There-
fore, to calculate expectation values from a slightly dif-
ferent probability distribution to the original one, we can
simply reweight each observable by r(xj). As long as
the probability distributions are close to each other, i.e.
1
N
∑
j r(xj) ≈ 1, this method can be trusted.
In our case, the numerical data suggested a Gaussian
probability distribution with mean χi and variance σ
2
which we need to reweight to have the correct variance
σ2χ = 3.3× 10−15M2Pl, i.e.
p′(χi) =
1√
2piσ2χ
exp
(
− (χi − χi)
2
2σ2χ
)
(56)
Note that the reweighting takes place for the whole sam-
ple (when calculating the mean expectation value) and
for each bootstrap sample (when estimating the errors).
By employing the method of reweighting, we can also
use our Monte Carlo data to calculate expectation val-
ues around different nearby mean values χ′i (i.e. a χ
background with a slightly different average across our
observable Universe). These will correspond to a proba-
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bility distribution
p′(χi) =
1√
2piσ2χ
exp
(
− (χi − χ
′
i)
2
2σ2χ
)
(57)
where χ′i is a different mean value to our chosen one. The
total reweight factor is therefore
r(χji ) =
σ
σχ
exp
[
− (χ
j
i − χ′i)2
2σ2χ
+
(χji − χi)2
2σ2
]
(58)
We can use this procedure to calculate Cl from the expec-
tation values in (52), evaluated around the new probabil-
ity distribution. The solid line in Fig. 9 shows the relative
amplitude of angular fluctuations for different mean val-
ues χi across our observable Universe, where the red dot
corresponds to our original choice χi = 3.42× 10−7MPl.
For the reweighted mean values, the error bars in the fluc-
tuations have been obtained by the bootstrap method,
similarly to the original value.
One point to note about the plot is that the reweighted
data sets have an uncertainty in the value of χ′i, because
once reweighted each bootstrap sample (which is chosen
to have a mean χi = 3.42× 10−7MPl) has a slighlty dif-
ferent mean value. The uncertainty in χ′i becomes larger
far away from the original mean, where we do not have
enough coverage to simulate a probability distribution
with the chosen new mean. This also implies that χi
in equation (52) needs to be replaced by its reweighted
value over the chosen probability distribution, for the
whole sample and each bootstrap sample separately.
Note also that in a previous letter about this work [10],
we neither reweighted the mean values nor did we choose
symmetric pairs when carrying out the bootstrap error
analysis. This led to a large over-estimation of the error
(see Fig. 3 in [10]), as the uncertainties in the different
expectation values were correlated. We believe that the
error analysis performed for the current paper is more
representative of the real uncertainty, which comes about
mainly due to the irregular behaviour of Ω
GW
(χji ).
For most of the range of χi presented in Fig. 9, the am-
plitude of the fluctuations is above the one percent level,
even within error bars. This is much higher than the rel-
ative amplitude of fluctuations in the CMB which is of
order 10−5. It is reasonable to hope that fluctuations of
the order of 1% could be measured by future GW detec-
tors, although it is difficult to make any statement about
their sensitivity to anisotropies at the current stage.
As described in section IV, the mean value of χ across
our observable universe, χi, is a free parameter depen-
dent on the total number of e-folds of inflation. To have
a complete picture of the anisotropies in the GW back-
ground, we should therefore analyse a wider range of χi
values than the one presented so far. The GW energy
density for a larger range of χi (including as the largest
values the results from Fig. 8) is presented in Fig. 10 on a
logarithmic scale. As it is reasonable to assume inflation
lasted some number of e-folds longer than the minimal
1.0×10-8 1.0×10-7
χi/MPl
0.0
5.0×10-4
1.0×10-3
Ω
G
W
Gaussian window function
FIG. 10: ΩGW for a larger range of field values χi. The solid
curve corresponds to the convolution of the data with a Gaus-
sian window function.
required number of N∗ = 50, very small values of χi are
unlikely (as even with only Ntot = 60 we would have at
least an expected value of order χi ∼ 3×10−8MPl). Cor-
respondingly, χi can be larger if inflation lasted for a very
long time.
The data presented in Fig. 10 are mainly for illus-
tration, because obtaining statistically significant results
would require more data. However, the plot also reveals
some non-trivial structure. In particular, the GW energy
density has an approximate log-periodic dependence on
χi, with regions of high, quickly varying GW amplitude
alternating with regions of low amplitude. To make this
more apparent, we have also included a curve that shows
the convolution of the data with a Gaussian window func-
tion,
Ω˜GW(logχ) =
1√
2piσ2w
∫
dδ e−δ
2/2σ2wΩ
GW
(logχ+ δ) ,
(59)
where σ2w = 0.05 is the spread of the window function.
This log-periodic structure was predicted by [23] and will
be explained in the next section.
D. Field dynamics
In order to further understand the physical origin of
the sensitive dependence of the GW amplitude on χi,
here we study the relationship between GW production
and the field dynamics. As the source term for tensor per-
turbations is given by the field gradients (and will appear
quartically in the equation for the GW power spectrum
(18)), it is natural to ask which of the scalar fields is pri-
marily responsible for the production of GWs. In Fig. 11
we have plotted the same power spectrum as in Fig. 5,
however additionally we plotted spectra obtained from
using only φ or χ as a source of GWs (the total GW am-
plitude will also contain cross terms between the fields).
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FIG. 11: The GW amplitude from two different χi sourced
by only φ, χ and both fields respectively
The plot shows that the GWs are sourced primarily by
the gradients of the χ field, and therefore we can focus on
its dynamics in order to understand the physical origin
of the variation of the GW energy density.
In Ref. [23] it was observed that the evolution of the
system strongly depends on the relative phase of the ho-
mogeneous modes φ(t) and χ(t) at the time the field dy-
namics become non-linear (i.e. when χ becomes suffi-
ciently large). In particular, in some cases χ(t) acquires
a very large amplitude compared to the inflaton, lead-
ing to curvature spikes. If the inflaton oscillates (during
the linear stage) with period T , initial χ configurations
related by
χ′i
χi
= eµnT , (60)
with n an integer, will evolve similarly, as the inflaton
will have the same phase at the time the system becomes
non-linear (remember χ(t) ∝ eµtχi). In fact, if there
were no inhomogeneous modes at all, the behaviour of
the fields would be exactly the same for all χ′i, χi related
as in Eq. (60), as in this case only the phase information
matters. As at the time of non-linearities the inhomoge-
neous modes are still small, we expect the field behaviour
(and therefore the value of physical observables that de-
pend on it) to repeat periodically in the space of initial
values χi. This was indeed observed for curvature pertur-
bations in [23]. We have observed the same effect, but in
the GW amplitude. We found that regions of high GW
amplitude repeat log-periodically, as shown in Fig. 10.
To quantify how the GW production and the dynam-
ics of χ are related, we studied how the maximum value
the homogeneous field χ reaches during its evolution,
χmax, correlates with the amplitude of the final GW back-
ground. This maximum value indeed varies considerably
between different χi, so it is clearly a good indicator that
something is going on differently in the dynamics of χ.
Obviously the GWs are not sourced by the homogeneous
0.5 1 1.5 2
χ
max
 / MPl
0.0
5.0×10-4
1.0×10-3
1.5×10-3
Ω
G
W
FIG. 12: The correlation between the maximum amplitude of
the homogeneous part of χ, χmax, and the total GW energy
in the simulation.
field itself, but rather by its inhomogeneous modes. How-
ever, the latter are directly linked to the zero mode due
to the transfer of energy between them during the non-
linear stage. In Fig. 12 we plot χmax against the total
amount of GW energy, for the same simulations as in
Fig. 10.
For small χmax < 1MPl, we can see a clear correla-
tion between the field dynamics and GW production: the
more energy is deposited into the χ field, the more GW
are being produced. This agrees with our findings from
Fig. 11, showing that χ is responsible for the shape and
amplitude of the GW spectra. For high χmax & 1.2MPl,
the correlation seems to turn around, and less GW are
being produced, although due to the lack of data in this
high χmax region, it is difficult to make a proper quan-
titative statement. Using a smaller lattice, L˜ = 25, we
were able to find values of χi which led to a very high
field value χmax & 5MPl, and for these the GW ampli-
tude was highly suppressed. A potential reason for the
suppression might be that for low enough χmax, the ho-
mogeneous χ(t) field oscillates fast enough to transfer
energy to the inhomogeneous modes during the time of
GW production, thus sourcing more GWs when more en-
ergy can be deposited. For very large χmax, however, χ(t)
only does very few oscillations, and most of the energy is
stored in the homogeneous mode, thus reducing the field
gradients and correspondingly the GW production.
As previously mentioned, the scalar field χ is also re-
sponsible for an additional, highly non-Gaussian contri-
bution to the curvature perturbation δN [20, 23]. In
general, one can therefore expect a correlation between
the GW anisotropies we studied and non-Gaussian fea-
tures in the CMB. Because our numerical accuracy was
not high enough to measure the curvature perturbations,
we were unable to investigate this correlation.
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VII. CONCLUSIONS
We have shown that when preheating takes place via
parametric resonance of a light field χ, with mass mχ 
H∗, the energy density in the expected background of
GWs is generically anisotropic. During inflation χ ac-
quires an almost scale-invariant spectrum, such that its
amplitude on superhorizon scales varies randomly from
one Hubble patch to another at the onset of preheating.
The initial amplitude χi at each causally disconnected
patch sets up the initial conditions for preheating. In
particular, it affects the late non-linear dynamics during
which GWs are primarily produced, and therefore even
small change in χi can lead to a very different GW ampli-
tude. As a result, the GW background from preheating
varies on superhorizon scales due to the variation of χ.
In this paper we have focused on the massless preheat-
ing model 14λφ
4 + 12g
2φ2χ2, as its conformal invariance
makes it numerically very convenient since it allows us
to re-scale away the expansion of the Universe. We have
fixed the couplings to g2/λ = 2, which guarantees that
during the last e-folds of inflation χ is light, i.e. its mass
verifies mχ = gφ < H∗. Additionally, this choice of cou-
plings ensures that the very long wavelengths of χ are the
fastest growing modes during the initial linear stages of
parametric resonance. When non-linearities become im-
portant, these long wavelengths modes transfer energy
into the short ones, such that the dynamics of the lat-
ter are affected by the amplitude of the long-wavelength
mode which is directly proportional to the initial value χi.
Therefore, the non-linear stage, during which most power
is added into the GWs, occurs differently for different
causally disconnected regions. This picture is supported
by simulations with g2/λ = 1 and 6, in which the homo-
geneous mode was not amplified by the resonance and,
consequently, no anisotropy was produced. Note that in
other models (not massless) the zero mode is often am-
plified during part of the preheating process for a broad
range of coupling values, so the effect is not expected to
be limited to a very narrow range of the parameter space.
For the specific choice of couplings we considered,
g2/λ = 2, we found significant anisotropy, with dipolar
and quadrupolar modulation representing variations of
∼ 1% in the GW energy density. The angular power
spectrum is indeed flat, in the sense that l(l + 1)Cl is
constant. This flat spectrum is a characteristic that can
also be expected in other scenarios where anisotropies
are present in the corresponding GW background, as
long as the mechanism to produce them is similar to the
one we have discussed in this paper. This includes other,
more realistic theories of preheating via parametric
resonance, and also other models with light scalars in
which non-equilibrium processes generate gravitational
waves, for example the resonant curvaton model [29–31].
Of particular phenomenological significance will be
models in which the Standard Model Higgs field plays
the role of the light scalar, as for instance in [32].
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